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An integral domain R is said to be an almost Bezout domain (respectively, 
almost GCD-domain) if for x,yg R- {0}, there exists an n with (x’, y”) (respec- 
tively, (x”, y”),) principal. In this paper we continue the investigation of AGCD- 
domains begun by the second author and introduce the notion of an almost Bezout 
domain. We show that R is an almost Btzout domain if and only if I?, the integral 
closure of R, is a Priifer domain with torsion class group and for every x E I?, there 
exists an n with YE R. ((; 1991 Academic Press, Inc 
1. INTRODUCTION 
In [ 153, Starch introduced the notion of an almost factorial Krull 
domain. One characterization of an almost factorial Krull domain R is that 
R is a Krull domain with the property that given a, b E R - {O), there exists 
an n (throughout n will represent a natural number) with a”R n b”R 
principal. In [16], the second author began a general theory of almost 
factoriality. One important class of integral domains introduced in [16] 
was that of almost GCD-domains or AGCD-domains. Here R is an 
AGCD-domain if for each a, b E R - (01, there is an n = n(a, b) with 
u” R n b”R principal (or equivalently (a”, b”), is principal). The purpose of 
this paper is to continue the study of AGCD-domains begun in [ 161 and 
to introduce several new closely related classes of integral domains. 
We introduce the notions of almost Btzout domains and almost 
principal ideal domains. Here R is an almost Bezout domain (AB-domain) 
if for a, be R- {O), there is an n with (a”, b”) principal. Hence an 
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AB-domain is an AGCD-domain. R is an almost principal ideal domain 
(API-domain) if for any nonempty subset {a,} c R - (O}, there exists an 
n with ({uz}) principal. It is shown (Corollary 4.8) that R is an AB-domain 
if and only if the integral closure R of R is a Priifer domain with torsion 
class group and for each x E i? there exists an n with xn E R. A particularly 
interesting example of an API-domain from number theory is given. For m 
square-free, Z[ J ] m is a non-integrally closed API-domain if m E 5 mod 8, 
while for m = 1 mod 8, Z[J] m is not an API-domain (see Theorem 4.17). 
This paper consists of live sections besides the Introduction. Section 2 
consists of preliminaries. Several definitions are given and root extensions 
are investigated. (R s S is a root extension if for each s E S, there exists an 
12 with sn E R.) Section 3 begins by reviewing some of the material on 
AGCD-domains from [16]. Theorem 3.4 states that the t-class group of 
an AGCD-domain is torsion. Theorem 3.5 states that a flat overring of an 
AGCD domain is a localization. This answers a question raised in [16]. 
The longest and most important section is Section 4. Here the definitions 
of AB-domains and API-domains are introduced and the basic properties 
of these rings are given. For example, Lemma 4.5 shows that an overring 
of an AB-domain is an AB-domain. As previously mentioned, Corollary 4.8 
gives a satisfactory characterization of AB-domains. An integrally closed 
domain is shown to be an API-domain if and only if it is Dedekind and has 
torsion class group. Many examples of AB-domains and API-domains are 
given. Besides the previously mentioned examples from number theory, we 
have the interesting result (Example 4.14) that R = K+ XL[X] is an AB- 
domain for any purely inseparable field extension K E L, but that R is an 
API-domain if and only if there is a bound on the degree of inseparability. 
However, perhaps the simplest example of a non-integrally closed 
API-domain is Z[2i] where i = fl. 
Section 5 contains some more results on AGCD-domains and AB- 
domains. Theorem 5.3 shows that a prime ideal P of an AGCD-domain R 
is a t-ideal if and only if R, is an AB-domain. An interesting corollary is 
that an AGCD-domain R is an AB-domain if and only if Spec(R) is treed. 
We show (Theorem 5.8) that R is an AP-domain (for a, he R- {0}, there 
exists an n with (a”, h”) invertible) if and only if for each maximal ideal M 
of R, R, is an AB-domain. We also consider the question of when R an 
AGCD-domain implies that R is an AGCD-domain. 
The last section concerns ideals generated by powers of elements. Given 
an ideal A of a ring R, we define A, = ({an 1 a E A}). Then A, E A” is an 
ideal of R and it is natural to ask when A, = A”. Perhaps the most 
interesting result of this paper is Theorem 6.12 which states that if a ring 
R contains a field of characteristic 0, then A,, = A” for every ideal A of R. 
Also of interest is the fact (Corollary 6.4) that for R n-root closed and 
A = ({a*}), ({u:}), = (A,),= (A”),. In fact, this property characterizes R 
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being n-root-closed (Theorem 6.8). An ideal A is said to be nearly principal 
if A, is principal for some n. This notion is used to define several other 
classes of integral domains related to AB-domains and API-domains. 
Our general reference for results from multiplicative ideal theory will be 
[9]. The end of a proof will be designated by 1. 
The first author acknowledges the support services provided by Univer- 
sity House, The University of Iowa. We also thank Evan Houston and Joe 
Mott for several helpful conversations during the preparation of this paper. 
2. PRELIMINARIES 
Let R be an integral domain with quotient field K. Let F(R) be the set 
of nonzero fractional ideals of R and f(R) the subset of F(R) consisting of 
finitely generated fractional ideals. For ZE F(R), I- ’ = {x E K 1 XZG R} is 
again a member of F(R). We will denote (ZZ’))’ by I,. It is well known 
that I, = n { Rz E F(R) 1 Rz 2 Z}. The operation on F(R) that sends Z to Z, 
is an example of a star operation, namely, the u-operation. Recall that a star 
operation is a function * : F(R) + F(R) that satisfies (1) (a)* = (a), 
(uA)*=uA*; (2)AsA*, ifAcB, then A*cB*; and (3) (A*)*=A*. We 
call Z a *-ideal if I= I* and Z is a finite type *-ideal if I= J* for some 
JEW. The reader may consult [9, Sects. 32 and 341 for the basic 
properties of star operations and the v-operation. 
Another star operation that will play an important role in this paper is 
the t-operation. Here I, = u {J, 1 JG Z with JEW}. In particular, if Z is 
finitely generated, I, = I,. A fractional ideal Z is said to be t-invertible if 
there exists a fractional ideal J with (ZJ), = R. In this case, we may take 
J = I- ‘. It can be shown that a t-invertible t-ideal has finite type. Let f, (R) 
be the set of finite type t-ideals of R. Then f,(R) forms a semigroup under 
the “t-product” Z * J= (ZJ),. Evidently f,(R) forms a group if and only if 
every finite type t-ideal is t-invertible. An integral domain is called a Priifer 
u-multiplication domain (PVMD) if f,(R) forms a group. Many other 
characterizations of PVMDs are known. For example, see [ 11, 12, 141. 
While in general f,(R) need not form a group, the set Z,(R) of t-inver- 
tible t-ideals forms a subgroup of f,(R), in fact, it is just the group of units 
off,(R). Let P(R) be the subgroup of Z,(R) consisting of principal ideals. 
The quotient group Z,(R)/P(R) is called the t-class group of R and will be 
denoted by U,(R). Thus Cl,(R) measures how far away t-invertible t-ideals 
are from being principal. For R a Krull domain, Cl,(R) is just the usual 
divisor class group U(R), while for a Priifer domain R, CI,( R) is just the 
ideal class group C(R) of invertible ideals modulo principal ideals. For 
results on the t-class group, the reader is referred to [24]. 
Let R E S be an extension of commutative rings. We will use i? to denote 
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the integral closure of R in S. If no S is specified, i? denotes the integral 
closure of R in its total quotient ring. Of particular interest will be exten- 
sions R E S with the property that for each SE S there exists a natural 
number n (depending on s) with S” E R. An extension R E S having this 
property will be called a root extension. (Note that we do not assume there 
is some fixed n with s” E R for all s E S.) Of course a root extension is an 
integral extension. One usually thinks of root extensions in characteristic 
p > 0 where sPm E R for some m. Such an extension will be called purely 
inseparable. But they also occur in characteristic zero. For example, the 
extension Z + 2iZ = Z[2i] c Z[i] (i = fl) has the property that 
x2 E Z[2i] for each x E Z[i]. We isolate the following result concerning the 
prime spectra of the rings of a root extension which is usually only stated 
in the case where S is purely inseparable over R (e.g., [9, pp. 1081091). 
THEOREM 2.1. Suppose that R E S is a root extension of commutative 
rings. The map % : Spec(S) -+ Spec( R) given by 2(Q) = Q n R is an order 
isomorphism and a homeomorphism. Its inverse is given by 2 - ’ ( P) = 3 = 
(s~S(s”~PforsomenB1). 
Proof Since R G S is integral, the map 2 is surjective. Suppose 
Ql n R = Qz n R for Q 1, Q2 E Spec(S). Then x E Q, c S has x” E R for some 
n, so xn~QlnR=Q,nRsQz, and hence XEQ~. Thus Q,EQ~. Inter- 
changing Q, and Qz gives that Q2 G Ql and hence Q1 = Q2; so 9 is injec- 
tive. Thus 2 is a bijection. It easily follows that 5! is an order isomorphism. 
Let P E Spec(R) and let Q be the unique prime ideal of S lying over P. 
If s E Q, then some sn E Q n R = P, so s E fi. On the other hand, if s E ,,6, 
then sn E P c Q implies s E Q. Hence Q = fi. 
It remains to show that 2 is a homeomorphism. To do this it suffices to 
show that for an ideal Z of S, 3!( V(Z))= V(Zn R). (As usual, V(Z) = 
(Q~SpeW) I Q2Zl.l N ow QE V(Z) implies QzZ, so QnRr>ZnR and 
hence !~(Q)E V(Zn R). Suppose that PE V(Zn R), so PzZnR. Let Q 
be the unique prime ideal of S lying over P, so Q = 3. We need that 
Q2Z. Let ieI. Then some i”ER, so i”EZnRcP. Hence iEfi=Q, so 
ZcQ. 1 
We say that Spec(R) is treed if Spec(R), as a partially ordered set, is a 
tree or equivalently, if Spec(R,) is totally ordered for each maximal (or 
prime) ideal M of R. The following result is an immediate corollary of 
Theorem 2.1. 
COROLLARY 2.2. Let R 5 S be a root extension of commutative rings. 
Then Spec( R) is treed if and only if Spec(S) is treed. 
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3. AGCD-DOMAINS 
The second author [16] introduced a general theory of almost fac- 
toriality which subsumed the almost factorial Krull domains of Starch 
([ 151 or [S]). A fundamental definition introduced in [ 161 is that of an 
almost GCD-domain (AGCD-domain). An integral domain R is called an 
AGCD-domain if for x, YE R - {0}, there exists an n = n(x, y) with 
xn R n y” R principal. Observe that x* R n y”R is principal if and only if 
(xn, y”), is principal. It is easily seen (for example, see the paragraph 
after Lemma 3.3) that R is an AGCD-domain if and only if for 
x1, . . . . . x, E R - {0}, there exists an n = n(x,, . . . . x,~) with x; R n . . n x: R 
principal (or equivalently, (x7, . . . . x:), is principal). The following theorem 
summarizes some of the results from [ 161 concerning AGCD-domains. 
THEOREM 3.1. (1) Let R he an AGCD-domain. Then R is an AGCD- 
domain and R G R is a root extension. (2) Let R be an integrally closed 
integral domain. Then R is an AGCD-domain if and only if R is a PVMD 
with torsion t-class group. 
We next give a slight generalization of part of Theorem 3.1 (1) which will 
be used later. 
PROPOSITION 3.2. Let R be an integral domain and let a, bE R - (0). 
Suppose that there exists a positive integer n with a”R n b” R locally prin- 
cipal (e.g., invertible). Then a/b is integral over R if and only if (a/b)” E R. 
In particular, if R is an integral domain with the property that for each 
a, b E R - {0}, there exists an n = n(a,b) with an R n b”R locally principal, 
then x E R if and only if xm E R for some positive integer m. 
Proof: Suppose that a/b is integral over R. Let M be a maximal ideal 
of R. Then a/b is integral over R, and anRM n b”R, = (a” R n b”R), is 
principal for some n. It s&ices to show that (a/b)“E R,, for then 
(a/b)” E n R, = R (where the intersection runs over all maximal ideals N of 
R). Since a”R,n b”RM is principal, we can write (a/b)” = a”jb” = u/w 
where U, w  E R,,, with ((u, w),), = R,. But a/b integral over RM implies 
that an/b”= u/w is integral over R,,,,. Since ((u, w),),= R, and u/w is 
integral over R,, w must be a unit in R,, so an/b”E R,. 1 
In the spirit of [ 11, we can define an integral domain R to be an almost 
generalized GCD-domain (AGGCD-domain) if for each a, b E R - (O}, 
there is an n = n(a, b) with a”R n b”R invertible. Many of the results 
concerning AGCD-domains and AP-domains (for a, b E R - {0}, (a”, b”) is 
invertible for some n) can be extended to AGGCD-domains. We leave 
these extensions to the interested reader. 
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Theorem 3.1 shows that an integrally closed AGCD-domain has torsion 
t-class group. We can extend this result to arbitrary AGCD-domains, but 
to do so, we need to generalize the well-known fact (which we will use 
throughout this paper) that for an invertible ideal A = ({a,}) we have 
A”=({a;}). S ec ion 6 continues the investigation of the relationship t 
between the ideals A” and ({a:}). 
LEMMA 3.3. Let R be an integral domain and let (a,} s R - (0). If 
({a,>), is t-invertible, then ({~~}),=(({a,})“), and hence ({a:}), is also 
t-invertible. 
Proof Since ({a,}), is t-invertible, ({a,}), = (al, . . . . u,~), for some finite 
subset {a,, . . . . u,~) E {a,}. Let A = (a,, . . . . a,). It is easily verified that 
A”(“-‘)+‘=A(“~‘)(“-‘) (a;, . . . . a:). (This is the key step in the proof that 
an invertible ideal (a,, . . . . a,) satisfies (a,, . . . . a,)“= (a;, . . . . a:), see [9, 
Theorem 6.51.) Multiplying both sides by (A ~ I)(’ ‘)+ I), applying the 
t-operation to both sides, and using the fact that (AA-‘),= R yields 
that (a?, . . . . a:), = ((a,, . . . . a,s)“),. Since (al, . . . . 4% E ({a:)),G (({a,))“), = 
((a 1 , . . . . as)“),, we have the desired equality. 1 
Lemma 3.3 can be used to prove the previously mentioned fact 
that if R is an AGCD-domain, then for a,, . . . . a,Y~ R- {0}, (a;, . . . . a:), 
is principal for some n = n(a, , . . . . a,). For by induction assume that 
(a?, . . . . a?- l)o is principal for some m, say (af;, . . . . a:- ,)“= (d). Now for 
some 1, (d’, (a:)‘), is principal. But (d’, (a:)‘), = ((a?, . . . . a:- ,)I, a:‘), = 
((UT’, . . . . a:! ,)“, a:‘), = (a:‘, . . . . a:: 1, a:‘),. 
THEOREM 3.4. Let R be an AGCD-domain. Then Cl,(R), the t-class 
group of R, is torsion. 
Proof: Let A be a t-invertible t-ideal of R. Then A = (a,, . . . . a,), 
for some a,, . . . . a,E K- (0). Then (a,, . . . . as),= d-‘(b,, . . . . b,V), where 
b 1, ..., b, E R - (0). Since R is an AGCD-domain, there exists an n with 
(by, . . . . b:), principal. By Lemma 3.3, (A”),=d-“(by, . . . . by), and hence 
(A”), is principal. 1 
A Krull domain R has the property that every flat overring is a localiza- 
tion if and only if U(R) is torsion, i.e., R is almost factorial. The question 
was raised in [16] whether a PVMD with torsion t-class group (or 
equivalently, an integrally closed AGCD-domain) has the property that 
every flat overring is a localization. We next show that this is indeed the 
case for any AGCD-domain. 
ALMOSTBkZOUT DOMAINS 291 
THEOREM 3.5. Let R be an AGCD-domain. Then every flat overring of R 
is a localization of R. 
Proof Let R’ be a flat overring of R. Let aJb E R’ where a, b E R - (0). 
Then there exists an n with (a”, b”),= (c) for some CE R. Put 
a” = a’c, 6” = b’c, so an/b” = at/b’ where (a’, b’), = R. Now (a’, b’), = R 
implies that a’R n b’R = a’b’R. Since R’ is a flat overring of R, 
a’R’ n b’R’ = (a’R n b’R)R’ = a’b’R’. But al/b’ E R’, so a’ E b’R’ and hence 
arR’ = a’R’ n b’R’ = a’b’R’. This implies that b’R’ = R’, so b’ is a unit in R’. 
So a’lb’ E R, where S= {SE R 1 s is a unit in R’}. But (a/b)” = an/b” = 
a’/b’ E R,. This shows that R, z R’ is an integral extension. Since R, c R’ 
is also a flat extension, we must have R’ = R, [ 13, Theorem 4.153. 1 
COROLLARY 3.6. Let R be a PVMD with torsion t-class group. Then 
every flat overring of R is a localization of R. 
The converse of Corollary 3.6 is not true since even a Prefer domain 
with the property that every (necessarily flat) overring is a localization 
need not have torsion ideal class group. The question of exactly which 
PVMDs have the property that every flat overring is a localization will be 
considered in a future paper by Evan Houston and the second author. 
We end this section by correcting a remark made in [16]. Remark 3.10 
stated that an AGCD-domain of characteristic 0 is integrally closed. This 
is not true. As we shall see (Theorem 4.17), the domain Z+ 2iZ= Z[2i] is 
an AGCD-domain of characteristic 0 that is not integrally closed. 
4. ALMOST BBZOUT DOMAINS 
A GCD-domain R is characterized by the property that for 
a, be R - (01, (a, b), is principal, while a Bezout domain R is charac- 
terized by the stronger property that for a, b E R - {0}, (a, b) is principal. 
Since an AGCD-domain R is defined by the property that for 
amber-{O), ( an, b”), is principal for some n, it seems reasonable to make 
a corresponding extension of the definition of a Btzout domain to define an 
almost Bezout domain. 
DEFINITION 4.1. An integral domain R is an almost Bezout (AB-)domain 
if for a, b E R - (0) there exists a positive integer n = n(a, b) such that 
(a”, b”) is principal while R is an almost Priifer (AP-)domain if for 
a, b E R - (0) there exists a positive integer n = n(a, 6) such that (a”, b”) is 
invertible. 
DEFINITION 4.2. Let R be an integral domain. R is called an almost 
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principal ideal (API-)domain if for any nonempty subset {a,] G R - (03, 
there exists an n = n( {aa}) with ({a:}) p rincipal. R is called an AD-domain 
if for any nonempty subset {a,} E R - {0}, there exists an n = n( {al}) with 
({a:}) invertible. 
We have avoided using the term “almost Dedekind” for an AD-domain 
because the term almost Dedekind is already used to mean an integral 
domain that is locally Dedekind. The next lemma shows that we could 
have defined an AB-domain by a formally stronger property. 
LEMMA 4.3. An integral domain R is an AB-domain (respectively, AP- 
domain) if and only iffor a,, . . . . a, E R - {0}, there exists an n = n(a, , . . . . a,s) 
with (al, . . . . a:) principal (respectively, invertible). 
Proof (1) AB-domain case. ( -= ) Clear. ( * ) Assume s > 2. By 
induction there exists an n with (a;, . . . . a:-,)= (e) and an m with 
I::- I7 
a:) = (f) for some e, f~ R. Then (em) = (al, . . . . a:- ,)m = 
nm 
1 , .. . . a,- 1 nm ) and (f”) = (a:?, , aym). Choose 1 with ((em)‘, (f”)‘) principal. 
Then (a;“‘, . . . . a:““) = (a;““, . . . . a:‘!‘,) + (a:“?,, a:m’) = (a;“, . . . . a:!! ,)’ + 
(a::, , afm)’ = (em’,f”‘) is principal. 
(2) AP-domain case. ( = ) Clear. ( = ) Again the proof is by 
induction on s. As in the proof of the AB-domain case, there is a t 
with A=(ai, . . . . a’,-,), B=(ai, . . . . a,:), and D = (a:, a:) invertible. Put 
E=a:A-‘D-‘+a:B-‘D-l. It is easily seen that (a~,...,a~)E=R, so 
(4, . . . . a:) is invertible. (This proof is essentially (2) * (1) of [ 13, Theorem 
6.63. 1 
Certainly an AB-domain is an AGCD-domain and hence has torsion 
t-class group. The next result gives the exact relationship between 
AB-domains and AP-domains. 
LEMMA 4.4. Let R be an integral domain. Then the following conditions 
are equivalent. 
(1) R is an AB-domain (respectively, API-domain). 
(2) R is an AP-domain (respectively, AD-domain) with torsion t-class 
group. 
(3) R is an AP-domain (respectively, AD-domain) with torsion class 
group. 
Proof: We only do the AB-domain case. The proof of the API-domain 
case is similar. (1) =z. (2). Since an AB-domain is an AGCD-domain, it has 
torsion t-class group by Theorem 3.4. (2) = (3). Clear. (3) + (1). Let 
a, b E R - (0). By hypothesis, there is an n with (a”, b”) invertible. Since 
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the class group is torsion, there is an 1 with (a”, b”)‘= (a”‘, bn’) principal. 
Hence R is A&domain. [ 
It is well known that an overring of a Bezout domain is a Bezout domain 
(e.g., [S]). The same is true of AB-domains. (We are thankful to Evan 
Houston for this observation.) 
LEMMA 4.5. Let R he an AB-domain (respectively, AP-domain) and let S 
be an overring of R. Then S is an AB-domain (respectively, AP-domain). 
Proof Suppose that R is an AB-domain. Let x, y E S. Then there exists 
a 0 # r E R with rx, ry E R. Then for some n, ((rx)“, (ry)“) R is principal. 
Hence ((rx)“, (ry)“) S is principal. Since ((rx)“, (ry)“) S= r”(x”, y”) S is 
principal, so is (xn, y”) S. Hence S is an AB-domain. 
Suppose that R is an AP-domain. The above proof remains valid if 
“principal” is replaced by “invertible.” 1 
If R is an AGCD-domain, then R is an AGCD domain and R E R is a 
root extension. A similar statement holds for AB-domains; in fact, its 
converse is true too. 
THEOREM 4.6. Let R be an integral domain and S an overring with 
R G SE i?. Then R is an AB-domain (respectively, AP-domain) if and only 
if S is an AB-domain (respectively, AP-domain) and for each s E S, there 
exists an n = n(s) with sn E R. 
Proof: ( * ) Suppose that R is either an AB-domain or an AP-domain. 
It follows from Lemma 4.5 that S is either an AB-domain or an AP- 
domain. The fact that R c S is a root extension follows from Proposition 
3.2. 
( = ) Suppose that S is an AP-domain. Let a, b E R - (0). Then there 
exists an n with (a”, b”) S invertible. Hence there is an ideal C of S with 
(a”, b”) SC = ZS for some 0 #z E S. Here C is necessarily invertible and 
hence is finitely generated, say C= (c,, . . . . ck) where CUE S. (In the case 
where S is an AB-domain, we may take k = 1 and C= (l).) Now each 
a”ci = zdli, b”c, = zdZi for some d,i, dZiE S, i = 1, . . . . k. Now there exists 
an 1 with z’, cf, dii, dii E R, i= 1, . . . . k. Hence a”‘c:= z’dii and b”‘cf = z/d:;, 
so (a”‘, b”‘) R(c:, . . . . CL) Rcz’R. Hence (a”‘, b”‘) R((ci, . . . . c:)) R=z’ A 
for some ideal A of R. Now z/AS= (a”‘, b”‘) S(c;, . . . . c;) S= 
((a”, b”) S)‘((c,, . . . . ck) S)‘=z’S since (a”, b”) S and (c,, . . . . ck) S are inver- 
tible. Hence AS= S. Since R c S is an integral extension, A = R. So 
(an’, b”‘)(ci, . . . . c:) = z/R. Thus (a”‘, bn’) is invertible. Hence R is an 
AP-domain. (In the case where S is an AB-domain, taking C = (1) gives 
(a”‘, b”‘) = z’ R.) 1 
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Integrally closed AB-domains are easily characterized. Recall that an 
integral domain R is said to be root closed if for x E K, the quotient field 
of R, xn E R for some positive integer n implies that x E R. 
THEOREM 4.1. Let R be an integral domain. Then the following 
statements are equivalent. 
(1) R is an integrally closed AB-domain (respectively, AP-domain). 
(2) R is a root closed AB-domain (respectively, AP-domain). 
(3) R is a Priifer domain with torsion class group (respectively, Priifer 
domain). 
ProoJ: (1) =- (2). Clear. (2) 3 (3). Let R be an AP-domain that is root 
closed. Let M be a maximal ideal of R. It suffices to show that R, is a 
valuation domain. Now R, is a quasi-local AP-domain. So for 
a, b E R, - (0) some (a”, b”) R,,, is principal. Hence an/b” or b”/a” E R, 
since R, is quasi-local. Since RM is root closed, a/b or b/a E R,. Hence R, 
is a valuation domain. If further R is an AB-domain, then R has torsion 
ideal class group by Lemma 4.4. (3) + (1). Clear. 1 
COROLLARY 4.8. (1) R is an AB-domain if and only if R is a Priifer 
domain with torsion class group and R E R is a root extension. 
(2) R is an AP-domain if and only if i? is a Prtifer domain and R G i? 
is a root extension. 
Corollary 4.8 gives a satisfactory characterization of AB-domains and 
AP-domains. As an application of Corollary 4.8, we next give a general 
method for constructing new AB-domains from old ones. 
THEOREM 4.9. Let D be an integral domain with quotient field K. Then 
D is an AB-domain (respectively, AP-domain) if and only if R = D + XK[X] 
is an AB-domain (respectively, AP-domain). 
Proof R = D + XK[X] has quotient field K(X). Also, R = d + XK[X] 
where D is the integral closure of D in K. It easily follows that D c D is a 
root extension if and only if R G R is a root extension. Also, it is well 
known (for example, see [6]) that D is Priifer if and only if B + XK[X] 
is Priifer. By Corollary 4.8(2), R is an AP-domain if and only if 
R + XK[X] is an AP-domain. 
Suppose that D is a Priifer domain. Every ideal of D + XK[X] has the 
form f(X)( A + XK[X] ) for some ideal A of D [6]. It easily follows 
that C(b) and C(R) are isomorphic. Hence C(D) is torsion if and only if 
C(R) is torsion; so D is an AB-domain if and only if R is an 
AB-domain. 1 
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Actually, the fact that D + XK[X] is an AB-domain implies that D is an 
AB-domain follows since D is a homomorphic image of D + XK[X] and 
our next theorem which states that the homomorphic image of an 
AB-domain is an AB-domain. This result could have been stated right after 
Definition 4.2. 
THEOREM 4.10. Let R be an integral domain. Let P be a prime ideal of 
R. I f  R is an AB-domain, then R/P is an AB-domain. Similar statements hold 
for AP-domains, API-domains, and AD-domains. 
Proof Let x, y E R/P. Then there exist a, b E R with 6=x and 6 = y. 
Now R is an AB-domain, so (a”, b”) is principal for some n. Hence 
(x”, y”) = (a”, h”) = (a”, b”) is principal. 1 
We have shown that R is an AB-domain if and only if i? is an AB- 
domain and R G R is a root extension. It seems reasonable to conjecture 
that R is an API-domain if and only if R is an API-domain and R c R is 
a root extension. Unfortunately, this conjecture is false as is seen by 
Example 4.14. However, the following more restrictive result is true. 
THEOREM 4.11. Let R be an integral domain and S an overring with 
R G S G i?. Suppose that there exists a fixed positive integer n where sn E R 
,for each s E S. Then R is an API-domain (respectively, AD-domain) if and 
only if S is an API-domain (respectively, AD-domain). 
Proof ( * ) Suppose that R is an API-domain. Let (sol> c S- (0). 
Then (s;} c R- (0). So there is an integer k>O with {szk} R principal. 
Hence {szk} S is also principal. The same proof with “principal” replaced 
by “invertible” shows that if R is an AD-domain, then S is also an 
AD-domain. 
(=z) Let {x~}cR-{O}.N ow S is an API-domain, so ( {xt }) S = zS 
for some integer k > 0 and z E S. Now x1 = s,z for some S,E S. Hence 
nk=~n~n where s;,z”~R. So ({x~~)R=({z”~~})R=z”({s~})R. Now 
k= (&= (((xf)) sy= ((x;“)) S=z”((s::)) s; so ({s;l}) S=S. Since 
R c S is integral, we must have ({sz}) R = R. Hence ({x;“}) R = z”R. Thus 
R is an API-domain. A similar proof shows that if S is an AD-domain, 
then R is an AD-domain. 1 
While Theorem 4.11 may be viewed as the API-domain analog of 
Theorem 4.6, it should be noted that in the proof of Theorem 4.11 we have 
not used the hypothesis that S is contained in the quotient field of R. In 
fact, the following result is true and its proof follows along the same lines 
as the proof of Theorem 4.11. Let R c S be an extension of commutative 
rings. Suppose that there is a natural number n with the property that s E S 
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implies that S” E R. Then R is an API-ring (respectively, AD-ring) if and 
only if 5’ is an API-ring (respectively, AD-ring). Theorem 4.6 also has a 
similar extension. Let R G S be a root extension of commutative rings. 
Then R is an AB-ring (respectively, AP-ring) if and only if 5’ is an AB-ring 
(respectively, AP-ring). 
The API-domain analog of Theorem 4.7 does carry over. 
THEOREM 4.12. For an integral domain R the following statements are 
equivalent. 
(1) R is an integrally closed API-domain (respectively, AD-domain). 
(2) R is a root closed API-domain (respectively, AD-domain). 
(3) R is a Dedekind domain with torsion class group (respectively, 
Dedekind domain ). 
Proof: (I)* (2). Clear. (2)- (3). Suppose that R is a root closed 
API-domain. Let A be an ideal of R, say A = (a,}. Then for some n, ({a:}) 
is principal. Let M be a maximal ideal of R. Then ( {az})M is principal and 
is in fact generated by some aZ. So for each a, a:/a”,,e R,. Since R, is 
root closed, each adaX E R,,,,. Hence A, = ({a,}), = (a,,), is principal 
and A& = (a&),+, = ( (azj)M. Since the equality AL = ((at)),,, holds for 
each maximal ideal M, we have A” = ({a:}) and hence A” is principal. 
Thus A is invertible. Hence R is a Dedekind domain with torsion class 
group. A similar proof shows that if R is an AD-domain, then R is a 
Dedekind domain. (3) =- (1). Suppose that R is a Dedekind domain and 
let {x1> GR- (0). Then ({xl}) is invertible, so R is an AD-domain. Sup- 
pose that C(R) is torsion. Then there exists an n with ((~~3)” principal. 
But then ({x~})=({x~})” p is rincipal, so R is an API-domain. m 
COROLLARY 4.13. Let R be an integral domain, Suppose that there exists 
an n so that x E R implies that x” E R. Then R is an API-domain if and only 
if R is a Dedekind domain with torsion class group. R is an AD-domain if 
and only if R is a Dedekind domain. 
Proof: Combine Theorems 4.11 and 4.12. 1 
EXAMPLE 4.14. Let K be a held of characteristic p > 0 and let K 2 L be 
a purely inseparable field extension. Let R = K + XL[X]. Then the integral 
closure R of R in its quotient field L(X) is L[X], a PID. For each 
JE L[X], there is an m $0 withfPmE R. So R is an AB-domain. However, 
R is an API-domain if and only if there exists a fixed m with Lpm c K. In 
particular, if K=Z,(T) and L=U,“=lZp(T”p”), then R=K+XL[X] has 
the property that R is a PID and R E R is a root extension, but R is not 
an API-domain. 
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Proof: If Lpm c K, then fpm E R for each f E R = L[X]. So by 
Theorem 4.11, R is an API-domain. Suppose that R is an API-domain. 
Consider the set (1X 1 1 EL}. Then there exists an n with { I”X’} R finitely 
generated, say {l”X”} R= (f:Xn, . . . . I,YY} R for some l,, . . . . Z,E L. But then 
for each 1 E L, 1” Y =fi 1; X” + . . +f, I’f X” where fi, . . . . f, E R. Equating 
coefficients, gives that 1” =,f, (0) fy + . + fs (0) 1: E K(Z;, . . . . I:). But then 
for some tixed n, I” E F for each I EL where F is a finite field extension 
of K contained in L. Now for 1 E L, some 1”’ E F and 1” E F, Let 
k = GCD(n, p’) =pl’ where 0 d t, d t. Then Ik E F. Hence if we choose r 
with pr 3 n, then lp’~ F for each 1 E L. Since [F : K] < n3, we actually have 
lpm E K for some m. 1 
Here is another example of an API-domain in characteristic p > 0. In 
fact, it was this example which motivated the definition of an AB-domain. 
EXAMPLE 4.15. Let F be a field of characteristic p > 0 and let 
R = F[ [ (Y ( s E S}]] where S is a primitive numerical monoid (i.e., S is 
an additive submonoid of the nonnegative integers under addition and 
GCD(S} = 1). H ence there exists an n with m E S for m >/n [ 10, 
Theorem 2.41. So R? F[[T, Y’+‘, . ..]I and hence R= F[[X]] is a 
PID. Suppose that charF=p>O. Let f=~,"=,a,X'~F[[X]]. Then 
fp"=C,"=,ap"X'PnEF[[X",~'+' , . ..]I s R because p” > n. By Corollary 
4.13, R is an API-domain. 
On the other hand, suppose that char F = 0. If R is an AB-domain, then 
there exists an m with (l+X)“eR. But l+mX+ . ..=(~+X)“‘ER 
implies that lES,so R=F[[{X'(XES}]]=F[[X]]. 
In [ 161 it was incorrectly stated that an AGCD-domain of characteristic 
0 is integrally closed. So far, all our non-integrally closed examples have 
been in characteristic p >O. The next example is perhaps the simplest 
example of a non-integrally closed API-domain of characteristic 0. While 
Example 4.16 is essentially a special case of Theorem 4.17, we have 
included it due to its simplicity. 
EXAMPLE 4.16. Let R, = Z + 2”Zi where i = fl. Then for a + bi E 
Z[i], (a + bi)2” E R, since 2” ) ( y) for j odd. Since Z[i] is a PID, R, is an 
API-domain. Note that char R, = 0 and that for n > 1, R, is not integrally 
closed. 
In the preceding example, Z[2i] = Z + 2iZ is a non-integrally closed 
API-domain while Z[i] is of course a PID. This raises the interesting 
question of when Z[2&] or Z[&] is an API-domain. The next 
theorem completely answers this question. 
THEOREM 4.17. Let m be a square-free integer. 
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(1) Ifm=2,3mod4, Z[,/-] m IS a Dedekind domain with finite class 
group and hence is an API-domain. 
(2) Zf m=5mod 8, Z[&] 
zt [(l + Jm)/21 z . 
IS not integrally closed, hut Z[,/&] = 
1s a Dedekind domain with finite class group and 
x3 E Z[&] for each x E Z[&]. So Z[fi] is an API-domain. 
(3) If m= 1 mod 8, Z[&] = Z+ [( 1 + &)/2] Z is a De&kind 
domain withfinite class group, but [( 1 + $)/2]” 4 Z[&] for all n > 1, so 
Z[fi] is not an API-domain (in fact, not even an AP-domain). 
(4) Z[2Jm] =z+2Jmz . 1s not integrally closed, but is an API- 
domain if and only if m f 1 mod 8. 
Proof. (1) It is well known that Z[&] is a Dedekind domain with 
finite class group and hence is an API-domain by Theorem 4.12. It is also 
well known that for m ~2, 3 mod 4, Z[&] = Z[&] while for 
m E 1 mod 4, Z[&] = Z + [ (1 + &)/2] Z. So ( 1) follows. 
(2) Suppose that m = 5 mod 8, so Z[&] = Z+ [( 1 + &)/2] Z. 
Hence Z[&] . is not integrally closed. Let x = a + b[( 1 + ,,/%)/2] E 
Z[fi]. Then x3 = (a’ + 3ab(2a + b(l + m))/4 + b3(1 + 3m)/8) + 
((3a2b+3ab2)/2+b3(3+m)/8)~. N ow 1 +m is even, so 2a+b(l+m)= 
2(a + b((m + 1)/2)) where (m + 1)/2 is odd. If a or b is even, the product is 
divisible by 2 while if a and b are both odd, a + b(m + 1)/2 is even. In either 
case, ab(2a + b( 1 + m)) is divisible by 4, so 3ab(2a + b( 1 + m))/4 E Z. Since 
m E 5 mod 8, 1 + 3m = 0 mod 8, so b3( 1 + 3m)/8 E Z. So the first quantity in 
parentheses is in Z. Now (3a’b + 3ab2)/2 = 3ab((a + b)/2) E Z since if a and 
b are both odd, then a+b is even. Also, m+ 3 ~5 +3-O mod 8, so 
b3(3 + m)/8 EZ. Hence x3 EZ[,,&Z]. By Corollary 4.13, Z[&] is an 
API-domain. 
(3) We show that for m E 1 mod 8, Z[&] 5 Z[fi] is not a root 
extension. To do this, it suffices to show that [ (1 + &)/2]” $ Z[fi] for 
all n>l. Put [(1+$)/2]“=(~,+b,&)/Z where a,,b,EZ. It suffices 
to prove the following. 
CLAIM. a, = b, E 1 or 3 mod 4. 
Proof by induction on n; the case n = 1 being certainly true. Now 
= [(a, + mb,P + [(a, + W21 fi 
2 
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(by induction, a, + mb, and a, + 6, are both even!). So a, + , = (a, + mb,)/2 
and b,+, =(a,+b,)/2. Since m=l mod8, m=8k+l, so un+r= 
(a, + (8k + 1) b,)/2 = (a, + bJ2 + 4kb, E (a, + b,)/2 E b,, , mod 4. Suppose 
that b,+, = 0 or 2 mod 4. Then (a, + b,)/2 = 0,2 mod 4, so a, + b, = 0 mod 4. 
But this is impossible, since a, = b, = 1 or 3 mod 4. 
(4) Z[2&] = Z + 2fiZ is not integrally closed since 
&4Z[2&] but (&)‘= m EZ[~&]. Suppose that Z[2&] is 
an AB-domain, then the overring Z[$] is also an AB-domain, so 
m f 1 mod 8. Conversely, suppose that m $1 mod 8. Then Z[&] is an 
API-domain. However, for XEZ[&], x2 EZ[~&]. Thus by Theorem 
4.11, Z[2fi] is also an API-domain. i 
We have studied AB-domains and AP-domains via the invertibility of 
certain ideals. Prufer domains are also characterized by the property that 
they are locally valuation domains. The analog of this characterization of 
AP-domains is given in the next section (Theorem 5.8). Some more results 
on AB-domains are also given in the next section. There are many other 
questions concerning AB-domains and API-domains that we have left 
unanswered. 
5. MORE ON AGCD-DOMAINS AND AB-DOMAINS 
In this section we will show that a prime ideal P of an AGCD-domain 
R is a t-ideal if and only if R, is an AB-domain. We show that an AGCD- 
domain R is an AB-domain if and only if Spec(R) is treed. We also show 
that R is an AP-domain if and only if R, is an AV-domain for each maxi- 
mal ideal P of R. Here by an AV-domain we mean an integral domain R 
with the property that for a, b E R - {0}, u” 1 b” or b” 1 u” for some n. We 
end this section by considering the question of when R an AGCD-domain 
implies that R is an AGCD-domain. 
An integral domain R will be called t-local if R has a unique maximal 
t-ideal. It is easily seen that R is t-local if and only if R has a unique maximal 
ideal M and A4 is a t-ideal. The t-dimension of an integral domain R is the 
length of the longest chain of prime t-ideals. It is easily seen that an integral 
domain R has t-dimension one if and only if every prime t-ideal is minimal. 
Of course, a minimal prime ideal is always a t-ideal. 
LEMMA 5.1. Let R be a t-local AGCD-domain. Then R is an AB-domain. 
Proof: Let x, y E R - (0). Then for some n, (xn, y”), = (d) where dE R. 
Hence (x”/d, y”/d), = R. Since R is t-local, either x”/d or y”Jd must be a 
unit. But this amounts to xn ) y” or y” 1 x”, so (x”, y”) is principal. 1 
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In [ 17, 181 it was shown that if P is a prime z-ideal of an integral 
domain R it is not necessary that Pp should also be a prime t-ideal of R,. 
However, this can not happen for an AGCD-domain as shown by the next 
lemma. 
LEMMA 5.2. Let R be an AGCD-domain. Let P be a prime t-ideal of R. 
Then P, is a prime t-ideal of R,. 
Proof: Suppose that P, is not a t-ideal of R,. Then there exist 
x,, . . . . X,E P- (0) with ((x,, . . . . x,)~),= Rr. Hence ((x;l, . . . . x:)~)~= RP 
for all m > 1 by Lemma 3.3. But since R is an AGCD-domain, there 
is an m with (x;t, . . . . xr),= (d). Since xy, . . . . X~E P and P is a t-ideal, 
we must have dE P. But then (x;l, . . . . x;)~c (d)rs P,. Hence R,= 
((.q, . . . . x;)~)” E P,, a contradiction. 1 
THEOREM 5.3. Let R be an AGCD-domain. Let P be a nonzero prime 
ideal of R. Then P is a t-ideal if and only tf R, is an AB-domain. 
Proof ( * ) Suppose that P is a prime t-ideal. By Lemma 5.2, P, is a 
t-ideal of Rr. But (Rr, Pr) is a t-local AGCD-domain and hence by 
Lemma 5.1 is an AB-domain. 
( -z= ) Suppose that R, is an AB-domain. Then R, is a Priifer domain 
and hence Spec(R,) is treed. By Corollary 2.2, Spec(R,) is also treed. Let 
0 #XE P. Shrink P to a prime ideal P, minimal over (x). Then P, is a 
t-ideal. Hence P = u P,X is also a t-ideal. 1 
Theorem 5.3 generalizes the well-known result that a prime ideal P of a 
GCD-domain R is a t-ideal if and only if R, is a valuation domain. 
COROLLARY 5.4. Let R be an AGCD-domain. Then the following 
statements are equivalent. 
(1) R is an AB-domain. 
(2) Every prime ideal of R is a t-ideal. 
(3) Every maximal ideal of R is a t-ideal. 
(4) Spec(R) is treed. 
Proof (l)* (2). Theorem 5.3. (2)* (3). Clear. (3)* (4). Let A4 
be a maximal ideal of R. Then M is a t-ideal, so by Theorem 5.3, R,,,, is an 
AB-domain. Hence as in the proof of ( -+ ) of Theorem 5.3, Spec(R,) is 
treed. Hence Spec(R) itself is treed. (4) * (1). Suppose that Spec(R) is 
treed. But then Spec(R) is also treed by Corollary 2.2. So R is a PVMD 
with Spec(R) treed, hence R is a Priifer domain and i? has torsion (t - ) 
class group. By Corollary 4.8, R is an AB-domain. 
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P. M. Cohn [S] called an integral domain R pre-Bezout if in R coprime 
elements are comaximal. He showed that R is Bezout if and only if R is a 
CC&domain and is pre-Bezout. Let us call R a u-pre-Btzout domain if for 
X, y E R - {0}, (x, y), = R implies that (x, y) = R. Then R is an AB-domain 
if and only if R is an AGCD-domain and is u-pre-Btzout. The proof is 
straightforward. Thus while the a-pre-Bezout condition is much weaker 
than the pre-Bezout condition, it sometimes still implies the same results. 
However, while any t-local Noetherian domain is u-pre-Btzout, it was 
established in [14] that a pre-BCzout Noetherian domain must be a PID. 
One of the many characterizations of Prtifer domains is that Prtifer 
domains are locally valuation domains. Similarly almost Priifer domains 
may be characterizing using almost valuation domains. 
DEFINITION 5.5. Let R be an integral domain. R is an almost valuation 
domain (AV-domain) if for a, bE R- {0}, there exists an n =n(a, b) with 
an/b” or b”Ja”. 
Equivalently, R is an almost valuation domain if and only if for each 
XE K- {0}, there exists an n = n(x) > 1 with x” or xen~ R. It is easily seen 
that if R is an AV-domain and S is an overring of R, then S is also an AV- 
domain. Also, given a root extension R s S (where S need not be contained 
in the quotient field of R), R is an AV-domain if and only if S is an AV- 
domain. If R is an AV-domain with quotient field K and L is a subfield of 
K, then R n L is an AV-domain with quotient field L. The next theorem 
gives several characterizations of AV-domains. 
THEOREM 5.6. For an integral domain R the following conditions are 
equivalent. 
(1) R is an A V-domain. 
(2) R is a valuation domain and R s R is a root extension. 
(3) R is a t-local AGCD-domain. 
(4) R is a quasi-local AB-domain. 
Proof: (1) * (2). Now R is an AB-domain, so R s R is a root exten- 
sion by Theorem 4.6. Let x E K - {O}. Then there exists an n with x” E R or 
X -no R. Hence xn or X-~ E R. Since i? is integrally closed, x or x-l E R. 
Hence i? is a valuation domain. (2) * (3). By Corollary 4.8, R is an AB- 
domain and hence an AGCD-domain. Since R c i? is a root extension, 
Spec( R) and Spec(E) are homeomorphic (Theorem 2.1). Hence R is quasi- 
local. By Theorem 5.3, the maximal ideal of R is a t-ideal. Hence R is 
t-local. (3) =z. (4). By Lemma 5.1, R is an AB-domain. And certainly a 
t-local domain is quasi-local. (4) => (1). Let a, b E R - (0). Then there exists 
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an n with (a”, b”) principal. Since R is quasi-local, (a”, 6”) = (a”) or 
(a”, 6”) = (b”). So an 1 b” or b” 1 an. Thus R is an AV-domain. 1 
The following technical lemma is needed to show that a locally 
AV-domain is an AP-domain. 
LEMMA 5.7. Let R be an integral domain. Let x, YE R - (0). Suppose 
that for each maximal ideal A4 of R, there exists a natural number nM with 
(xnM, ynM),,, principal. Then there exists an N with (xN, y”) invertible. 
ProoJ Let M be a maximal ideal of R. Now (xnM, Y”~)~ is principal, so 
(X’IM, Y”~)~ = uR, for some uM E (xnM, y”“). In fact, we can take uM = x”~ 
or ynM. So there exists an f,,,, E R - M with fM(xnM, y”“) s u,R. Hence for 
k> 1, fL(xnMk, ynwk)sfL(xnM, Y”~)~c~L R. So (xnMk, ynMk) RfM=uk,RfM 
for all k 2 1. Since R = ( { fM ( M is a maximal ideal of R} ), we have 
R = (fi, . . . . f,) for some finite set of maximal ideals {M,, . . . . M,} with 
f,w,=frER-Mi. Put N=nM, ... nM,. Then (xN,yN)Rf,=uzrM~Rf,. 
Since for each maximal ideal M of R, we have some fi $ M, it follows that 
(xN, YN)M is principal. Thus (xN, y”) is finitely generated and locally 
principal, hence invertible. [ 
THEOREM 5.8. Let R be an integral domain. Then R is an AP-domain if 
and only if for each maximal ideal M of R, R, is an A V-domain. 
Proof: ( * ) Suppose that R is an AP-domain. Let M be a maximal 
ideal of R. Then R, is a quasi-local AP-domain, hence a quasi-local AB- 
domain and hence an AV-domain. ( + ) Suppose that for each maximal 
ideal M of R, R, is an AV-domain. Let x, y E R - (0). Then for each maxi- 
mal ideal A4 of R, there is a natural number n,,,, with (xnM, ynM)M principal. 
By Lemma 5.7, there is a natural number N with (xN, y”) invertible. Hence 
R is an AP-domain. 1 
We have seen that R is an AB-domain if and only if R is an AB-domain 
and R E R is a root extension. If R is an AGCD-domain, then i? is an 
AGCD-domain and R G R is a root extension. We have been unable to 
prove the converse: if RcR is a root extension and R is an AGCD- 
domain, then R is an AGCD-domain. However, we do have the following 
result. 
THEOREM 5.9. An integral domain R is an AGCD-domain if and only if 
(i) R is an AGCD-domain, (ii) R E R is a root extension, and (iii) if 
x,, . . . . x, E R - (0) with ((x,, . . . . x,) R), = R, then ((x,, . . . . x,) R), = R. 
Proof ( = ) Suppose that R is an AGCD-domain. Then (i) 
and (ii) hold by Theorem 3.1. Suppose that xi, . . . . x, E R- (0) with 
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((x 1, ..., x,) R), # R. Then for some m ((x;?, . . . . xr) R), = (d) where do R is 
necessarily a nonunit. Then (x;l, . . . . x7) i?c dR# i? where the last 
inequality follows since R c i? is integral. So ((x7, . . . . xz) R), # 1. It 
follows from Lemma 3.3 that ((x,, . . . . x,) R), # 8. ( + ) Suppose that (i), 
(ii), and (iii) hold. Let x, y E R - CO}. Then there exists an n 2 1 and a de R 
with ((x”, y”) R), = dR. Now x”/d, y”/dE i?, so there exists an I with xn’Jdi, 
y”‘/d’E R. But then ((x”‘/d’, y”‘/d’) R), = i?. By (iii), (x”‘/d’, y”‘/d’), = R. 
Hence (x”‘, yn’)” = d’ R. It follows that R is an AGCD-domain. 1 
We give condition (iii) a name. 
DEFINITION 5.10. Let R be an integral domain and S an overring of R. 
We say that R is t-linked under S if whenever x,, . . . . x, E R - (0) with 
((x 1, ..., x,) S), = S, then ((x,, . . . . x,) R), = R. 
Note that R t-linked under S is equivalent to if x, , . . . . x, E R do not share 
a maximal t-ideal in R, then x,, . . . . x, do not share a maximal t-ideal in R. 
This is the converse of the notion of S being a t-linked overring of R that 
was introduced in [7]. There an overring S of R was defined to be t-linked 
if for each A Ed with A, = R, then (AS), = S. It was shown that S is 
t-linked over R if and only if for each prime t-ideal P of S, (P n R), # R. 
It is not known whether the integral closure i? of a general integral domain 
R is t-linked over R. However, it is easily shown that if Rc i? is a root 
extension and R is an AGCD-domain, then R is t-linked over R. We end 
this section with the following result. 
THEOREM 5.11. Let R be an integral domain of t-dimension one. If R is 
an AGCD-domain and R G R is a root extension, then R is an AGCD- 
domain. 
Proof: We first show that if R is an integral domain of t-dimension one, 
then R is t-linked under R. Let x,, . . . . x, E R such that ((x,, . . . . x,) R), = R. 
Suppose that (xi, . . . . x,), # R. Then xi, .., x, belong to a maximal t-ideal P 
of R. Let P’ be a prime ideal of i? lying over P. Since R has t-dimension 
one, rank P = 1. Hence rank P’ = 1, so P’ is a t-ideal. But then 
((x I? ..., x,) R),s P’#i?, a contradiction. Thus (i), (ii), and (iii) of 
Theorem 5.9 hold, so R is an AGCD-domain. 1 
6. IDEALS GENERATED BY POWERS OF ELEMENTS 
In the previous sections we have been given elements of a ring R and 
have considered the ideal generated by powers of these elements. In this 
section we change our point of view slightly. Given an ideal Z, instead of 
481.‘142’2-3 
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just a set of elements, we consider the ideal generated by all nth powers of 
elements of the ideal I. 
DEFINITION 6.1. Let I be an ideal of a commutative ring R. For n 2 1, 
define Z,,=({i”l FEZ}). 
Z is nearly principal (respectively, nearly invertible) if for some n > 1, Z, is 
principal (respectively, invertible). 
Certainly Z,, is an ideal of R with Z, LI”. If I= ({a,}), then 
({a:}) G Z, G I”. If Z is locally principal, then I” = ({u:}) and hence 
I”=z,=({u;}). Of course, I, = I’. As we shall see (Theorem 6.12), 
if R contains a field of characteristic 0, then P = Z,, for all n > 1. 
However, in R=Z[X, Y], we have (y, Y’)s (X, Y),s (X, Y)” for 12 > 1. 
In fact for IZ = 2, we have (X2, Y’) 5 (X2, 2XY, Y2) = (X, Y), 5 (X, Y)* = 
(X2, XY, Y*). For any ring R, it is easily seen that (a, 6)* = (a*, 2ub, b2). 
Clearly if Z is principal (respectively, invertible), then Z is nearly principal 
(respectively, nearly invertible). Also, for Z invertible, Z,, = Z” for n > 1, so Z 
is nearly principal if and only if I” is principal for some n, i.e., Z is torsion 
in C(R). 
Using Definition 6.1 we can define some classes of integral domains 
closely related to the AB-domains and API-domains previously defined. 
DEFINITION 6.2. Let R be an integral domain. Then R is nearly Bkzout 
(respectively, nearly Priifer) if for each finitely generated nonzero ideal Z of 
R, Z, is principal (respectively, invertible) for some II = n(Z). 
R is nearly PID (respectively, nearly Dedekind) if for each nonzero ideal 
Z of R, I,, is principal (respectively, invertible) for some n = n(Z). 
Alternative, R is nearly Bezout if every finitely generated ideal is nearly 
principal while R is nearly PID if every ideal is nearly principal. 
We will show that for R root closed, the notions of almost Bezout and 
nearly Btzout coincide. Similar statements will hold for almost Priifer 
domains, API-domains and AD-domains. This will follow from our 
investigation of (I,),. Recall that an integral domain R is n-root closed if for 
x E K, the quotient field of R, xn E R implies x E R. Certainly an integrally 
closed domain is n-root closed for each n > 1 (i.e., root closed). 
LEMMA 6.3. Let R be an integral domain that is n-root closed. Let 
4# ia,> GR- (01. Then ({4>),= ((Ca,))“),. 
Proof. It suffices to show that {u:} zd/bR implies that ({u,})“~d/bR. 
For then ({u,})“~({u”,}), and hence ({uz})” = (( {u~))~)“. Now consider 
U a,, . . ..a.,~ {a,} and let n = n, + ... +n,. Since (~1) G d/bR, each 
bu:, E dR, so d 1 bui,. So d”lI b”l uz:. Hence d” = dx”lI b=“l n (u:,)“~ = 
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b”(a”,: ... ai;)ll. So (baz{ .. azJd)“E R. Thus ba”,; ... a”,;ldE R since R is 
n-root closed. Hence aI{ . . . a”,; E d/bR, so that ({am))’ c d/bR. 1 
COROLLARY 6.4. Let R be an n-root closed integral domain. Then 
(Ia::)),=(({a,l)“L.f or any nonempty collection {a,} c R - (0). 
Proof: Let x~(({a~})“),. Then x~((a,,, . . . . a,,)“), for some {a,,, . . . . a,} 
G {a,}. By Lemma 6.3, ((a,,, . . . . au,)n)u= (a:,, . . . . aE,),,s ((at})l. Since the 
other containment is always true, we have equality. 1 
THEOREM 6.5. Let R be an n-root closed integal domain and let 
A = ((a%}) be an ideal of R. Then ({a:}), = (A,,), = (A”),. Hence ({a:}), = 
(An), = (A”),. 
Proof By Corollary 6.4, ({a:}),= (({a,})“),. Since A = ({a:}), we 
have ({a:>), E (A,), G (A”), = (( {al})n), = ( {az})t and the desired equality 
follows. 1 
COROLLARY 6.6. Let R be an n-root closed integral domain and let 
a,, . . . . a, E R - (0). Then (a?, . . . . a:), = ((a,, . . . . arLJt = ((a,, . . . . a,)“),. 
COROLLARY 6.7. Suppose that R is an n-root closed integral domain. Let 
A = ({a,)). !f ((4)) is a t-ideal (e.g., ({a&1}) is locally principal), then 
({az})=A,=A”. IfA,, is a t-ideal, then A, = A”. 
Proof. Suppose that ({a:}) is a t-ideal. Then A”?({a~})=((a”,}),= 
(A”),?A”, so ({a~})=A,I=A”. The second statement is proved in a 
similar manner. 1 
Actually, the converse of Corollary 6.4 is also true. This gives an 
interesting characterization of R being n-root closed. 
THEOREM 6.8. For an integral domain R and positive integer n, the 
following statements are equivalent. 
(1) R is n-root closed. 
(2) For any {a,> GR- (01, ({aZ)),=(((a,})“),. 
(3) For any {a,)GR- {O), ({aj:))U=(({a,})“),. 
(4) For any a,, . . . . a,E R - {0}, (a;, . . . . a:), = ((a,, . . . . as)“)“. 
(5) For any a, bc R- {O), (a”, b”),= ((a, b)“),. 
Proof: (1) 3 (2). Corollary 6.4. (2) 3 (3). This follows since for any 
ideal A, (A,),=A,. (3)*(4)-(5). Obvious. (5)*(l). Suppose that 
(a/b)” E R where a, b E R - (0). Now an/b” E R implies that (a”, 6”) = (b”). 
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Hence (6”) = (b”), = (a”, b”), = ((a, b)“),. So R = bb’((a, b)“), = 
(b-“(a, b)“),= ((u/b, l)“),. Hence a/be (a/b, l)n~ R. 1 
Of course, in (4) and (5) instead of the u-operation, we could have used 
the t-operation. Also, it follows from Theorem 6.8, that an integral domain 
R is root closed if and only if (a”, b”), = ((a, b)“),. for all n 3 1 and for all 
a,bER-{O}. 
Let R be an integral domain. In Section 4 (Lemma 4.4) we observed that 
R is an AB-domain (respectively, API-domain) if and only if R is an 
AP-domain (respectively, AD-domain) and C(R) is torsion. Similarly, R is 
nearly Bezout (respectively, nearly PID) if and only if R is nearly Priifer 
(respectively, nearly Dedekind) and C(R) is torsion. Also, in each case, the 
condition that C(R) be torsion can be replaced by the condition that 
Cl,(R) be torsion. Finally, it is easily seen that an API-domain is a nearly 
PID. 
While the exact relationship between almost Btzout domains and nearly 
Btzout domains remains somewhat of a mystery, the two notions coincide 
for integrally closed domains. 
THEOREM 6.9. For an integral domain R, the following conditions are 
equivalent. 
(1) R is an AB-domain (respectively, API-domain) and R is root closed. 
(2) R is an AB-domain (respectively, API-domain) and R is integrally 
closed. 
(3) R is nearly Bezout (respectively, nearly PID) and R is root closed. 
(4) R is nearly Bezout (respectively, nearly PID) and R is integrally 
closed. 
(5) R is Priifer (respectively, Dedekind) with C(R) torsion. 
Proof. (1) o (2) o (5). Theorem 4.7 (respectively, Theorem 4.12 ). 
Certainly (5) * (4) * (3). (3) = (5). Suppose that R is root closed and 
nearly Btzout. Let I be a nonzero finitely generated ideal of R. Since R is 
nearly Bezout, there is an n with 1, principal. By Corollary 6.7, Z,, = I”. 
Since I” is principal, I is invertible and Z is torsion in C(R). Hence R is 
Pri.ifer and C(R) is torsion. The proof for R nearly PID is similar. 1 
A similar ,theorem holds for nearly Priifer domains. 
THEOREM 6.10. For an integral domain R, the following conditions are 
equivalent. 
(1) R is an AP-domain (respectively, AD-domain) and R is root closed. 
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(2) R is an AP-domain (respectively, AD-domain) and R is integrally 
closed. 
ts nearly Priifer (respectively, nearly Dedekind) and R is root 
close!i-? ) R . 
(4) R is nearly Priifer (respectively, nearly Dedekind) and R is 
integrally closed. 
(5) R is Prtifer (respectively, Dedekind). 
Remark 6.11. In the statement of Theorem 6.9 we can add the 
following condition: (3a) For a, h E R - {0}, (a, 6) is nearly principal 
(respectively, nearly invertible) and R is root closed. For (a, b), principal 
implies that (a, b)” = (a, b), and hence that (a, b) is invertible. Since every 
ideal of R generated by two elements is invertible, it is well-know that R 
is Priifer. Moreover, C(R) is torsion. For let Z= (a,, . . . . o,~). Now for 
each n, I” = (a;, . . . . a:). By induction on s, some power (a;, . . . . at- 1) = 
(a,, . . . . a,+ I)n is principal, say = (c). Then I” = (a;, . . . . a:-, , a:) = (c, a:). So 
there is an m with I”” = (c, a:)m principal. 
We next look at conditions under which A,, = A” for an ideal A of R. 
Our main result along these lines is the next theorem which states 
that A, = A” for all ideals A of R if R contains a copy of the rational 
numbers Q. 
THEOREM 6.12. Let R be a commutative ring with identity containing a 
field of characteristic zero. Let Z be an ideal of R. Then Z” = Z,, = 
( {u” 1 a E Z} ) for all natural numbers n. 
Proof The proof is by induction on n; the case n = 1 being trivial. 
Suppose by induction that I,- , = Z+ ‘. 
Consider the set T of all polynomials 0(X, Y) E Q [X, Y] of the form 
0(X, Y)=Xn-l Y+Z,X’-’ Y2+ ... +I,-, J/Y+‘. Put Z(@X, Y))=the 
number of nonzero fi. So Z(@X, Y)) 20 with Z(@(X, Y)) =0 if and only 
if 0(X, Y) = x” ~’ Y. Let S = {0(X, Y) E T 1 e(a, b) E Z, for all a, b E Z}. 
Since (l/n)( (a + b)” - an - b”) = a “-lb+ ... EZ, for all a, bEZ, we have 
(3(X, Y) = (l/n)((X+ Y)” -x” - p) E S. So S # 4. Choose 0(X, Y) E S with 
f(0) minimal. If Z(0) = 0, then 0(X, Y) = x” ~ ’ Y, so an ~ ’ b E I, for all 
a, bEZ. Hence for fixed bcZ, Z+, bGZ,. But by induction I,-,=Z’“‘, so 
Z’-‘bcl, for all bcZ. Hence Z”=Z” ‘ZcZ,, so Z”=Z”. So we may 
suppose that Z(e)>O. Let 0(X, Y)=X”-’ Y+1,JF2 Y2+ . . . +ZiX+‘Y 
where Z;#O. So i>2. Now 2jO(X, Y)-B(X,2Y)=(2’-2)x”-’ Y+ 
(2’-4) 1,JVp2 Y2+ . . . +(2’-2’)ZiX+‘Yi. So t3’(X, Y)=(2’-2))’ 
(0(X, Y) - 0(X, 2Y)) E S and has Z(&(X, Y)) < Z(e(X, Y)). This contra- 
diction shows that Z(e) = 0. 1 
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COROLLARY 6.13. Let R be an integral domain containing a field F of 
characteristic zero. 
(1) R is nearly Prtifer if and only if R is PriiLfer. 
(2) R is nearly Bezout zf and only if R is Priifer and C(R) is torsion. 
(3) R is nearly Dedekind if and only (f R is Dedekind. 
(4) R is nearly PID if and only if R is Dedekind and C(R) is torsion. 
Suppose that R contains a field F with char F=p > 0. The proof of 
Theorem 6.12 breaks down in two places. First, we need I/n E F. But this 
is easily handled by assuming that (n, p) = 1. In fact, this assumption 
is necessary. For let F be any field with char F=p > 0 and take 
R = F[ [X2, X3]]. Then (X2, X3)p’= (X2p’, X*J”+ ‘) while (X2, X3)p,= 
(X2p’). The second place where the proof breaks down is finding a k E F 
with k’- k a unit in F (or just in R). Also, to apply the induction 
hypothesis, we need that I,-, = I’.- ‘. Suppose that we take n with 
l<n<p. Then (n,p)=l and since 26i<n-l<p-1, x’-X=0 has at 
most i solutions in Z,, so there is a k E Z, with k’- k a unit in ZP and all 
i < n - 1 have these properties. Hence for n with 1 6 n <p, Z, = I”. We state 
this result as the next theorem. 
THEOREM 6.14. Let R be a commutative ring with identity containing a 
field of characteristic p > 0. Let I be an ideal of R. Then I” = I,, = 
({a” 1 a E I} ) for all natural numbers n with 1 < n < p. 
In Z[X, Y], (X, Y)“q (X, Y), for all n > 1. So if R does not contain a 
field, we may have Z, 5 I” for all n > 1. So suppose R contains a field F. If 
char F = 0, then Z, = I” for all n > 1 by Theorem 6.12. If char F =p > 0, then 
1, = Z” for all n with 1 < n <p by Theorem 6.14. But we may have Zp s P. 
(For in F[X, Y], (X, Y)p”= (A@‘, Xp”-’ Y, . . . . Yp”)s (Xp”, Yp”)= (X, Y),,.) 
It seems reasonable to conjecture that if (p, n) = 1, then P = I,. But 
even this need not be true. For in Z,[X, Y] we have (X, Y)3= 
(X3, X*Y, XY*, Y3), while it may be verified that (X, Y), = (X3, X*Y+ 
xr*, Y3). 
However, if char F= 2 and F has more than two elements then 
(X, Y)3 = (X, Y)3 in F [X, Y]. For then there is an element 1 E F with l2 # 1. 
Then 12X2Y+ 12XY2 and lX*Y+ 12XY2 =X*(IX)+X(IY)‘E (X, Y),. So 
(l*-~)X*YE(X, Y), and hence X*YE(X, Y),, so (X, Y)3=(X, Y),. This 
shows that (a, b)3 = (a, b), for any ring R containing a field F with either 
charF>3 or charF=2 and F#Z,. 
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Note added in proof Two of the first author’s students, Rebecca Lewin and Kent Knopp 
have continued the investigations of this paper. Lewin studied AGGCD-domains and nearly 
GCD-domains and Knopp investigated the ideal I, and showed that nearly Bizout implies 
almost Bkzout, but not conversely. 
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